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Introduction
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Non-central relativistic heavy-ion collisions can generate magnetic fields as high as

eB ~ 1013 = 10147, W.T. Deng, X.G.Huang, Phys. Rev. C 85, 044907 (2012) ...

It is essential to study the effects of magnetic fields on the physical properties and
transport behavior of quark matter / QGP. One of the topics in this workshop.
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Introduction

spectators._ .~~~

Non-central relativistic heavy-ion collisions can generate magnetic fields as high as

eB ~ 1013 — 10141, W.T. Deng, X.G.Huang, Phys. Rev. C 85, 044907 (2012) ...

We focus on the influence of magnetic fields on hydrodynamics. In other words, we discuss
magnetohydrodynamics (MHD), see e.g., K.Hattori, M.Hongo, X.G.Huang, Symmetry14,1851 (2022) .
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Introduction

Picture from Web

Though it remains debated whether magnetic fields produce significant effects before
their decay, z. wang, J. Zhao, C. Greiner, Z. Xu, and P. Zhuang, Phys. Rev. C 105, L041901 (2022),

it is indisputable that MHD has been widely applied in astrophysics and cosmology,
e.g., black hole accretion, supernova explosions, and binary neutron star mergers
all rely on MHD simulations !



1st order MHD

Consider a neutral fluid, we have two basic equations

%@W =0 energy-momentum conservation
- - |
and J " =0 F* = EGWPGFpo—

magnetic flux conservation / Bianchi identity

Note that the electric field is not hydrodynamic and has
damped out in the hydrodynamic limit (long time).

0,F*" =0 also known as one-form symmetry
0(%,) = J x F = [ B.-4S. J.Armas, A. Jain, JHEP 01 (2020) 041
s, 5,
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1st order MHD

Consider a neutral fluid, we have two basic equations

0,0 =0 0-form symmetry
continuity eg 00" + 008" =0
0,F*" =0 1-form symmetry

extended continuity eq 0B+ VXE=0

In the sense of hydrodynamic limit,

Vx(...), V:-(...)=0
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1st order MHD

0,0/ =0 0, =0

According to Lorentz symmetry, SO(3,1) % SO(S) ZR SO(2)
O* = eutu” +pr’uby +pJ_H’uU + O

(1)’
F* = BH*yY — BYu# + F’(’I”)

with b* = B*/\/B*B,, 2 = + utu” — bHb"

1st law of thermodynamics H, is the magnetic field
Is=e+p—H/B", Tds=de—H,dB"

2nd law of thermodynamics

17 Ho— o L oM
6ﬂs >0, s SU +s(1)
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1st order MHD

apt@lw — O aﬂF//tl/ — O
According to Lorentz symmetry,

O = eutu” _|_pr//th/ +pJ_E’m/ + @/(,tll/)’

" = BFy" — B'u* + F/g)

2nd law of thermodynamics d,s" =0 gives

pJ_:pa (pH_pJ_)by‘l‘HyB:O H =—//t_lB

The zeroth order MHD is established.

Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 110 (2024) 5, 056049
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1st order MHD

Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 110 (2024) 5, 056049

@'M — el/l'ul/i +pr’uby _|_pJ_'“//tI/ -+ @’1(411/), F B’Ml/t _ Bl/u//t 4 F,zlll/)

2nd law of thermodynamics d,s* > 0 gives

@'?ly) = — Ti’]’m/pga(pﬁg ) F(ly) — = Tpﬂypda[p(ﬁ ])

with Y ) = X+ XV , ylur]l = X=X
_ 2 2
pPLO
T = (MY EM) (Cc’i gi) (bElf?o) (102)

+2m (bu':w(pba) 4 b”E“(pb"))
1 (BEHPEYT 4 BHIEVP _ EHVEPT),
— —ZpL(b“””[pb"] _ bv'—u[pbd]) 4 zp”'—u[p'—alv
(10b)

Uv po
P
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1st order MHD analysis
0,0 =0 O = eu'u” + pb*b* + p, B + O

(1)’
dﬂﬁﬂ” — () F** = B*yY — BYu# + F/(’I’“)

Perturb the system from a static equilibrium,
e = e+ oe(x?), u* — ut'+ out(x*), B¥ - B¥ + oBH(xt)
with ¥ = (1,0,0,0), B* =(0,0,0,B)

then Fourier transform to the complex space

5€(t, X, Z) — 55(60, k . kH)e_ia)H_ikJ'x_l_ik”Z c e

» two distinct sectors of equations for the fluctuations.
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1st order MHD analysis

Alfven sector

( (éBy) O k =kc;s6’, k), =ksing.
A+ iA ) _
©0) T 14 ; _
5uy Vi \/e o
© Bk Pkt + pik? 0
Aoy =1 2 . Ay = , ,

coupled eqgs for transverse fluctuations

T i
w=i\/ Vikﬁ—z(p—n)2k4—5(p+n)k2

2 ",
. N, cos“0+n, sin“ 0
where  j =p, cos*0 +pysin®0  jj=— -

e+ p
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1st order MHD analysis

1 l
Alfven sector w=1= \/ vakis = 2P ik* = S+ k*

first small k expansion, then 6 — =

2
l
w=——(p+ ﬁ)kz n 0(k3) S. Grozdanov, D. M. Hofman, and N. Igbal, PRD (2017)
2 J. Armas and F. Camilloni, JCAP (2022)
f|rSt 0 — , a)(é’ — —) — ) (o kz, — lp”k2
2 2 e+ p

0 — ” and k— 0 can’t commute. Singular perturbation problem !

2
un n
/ 0 Cn(ﬂu e )
(0 = ) = = ~(p +—2)k] £ lim Y. oo
2 2 e+p 0— 72 (v4 cos @)2n—1

n=1
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1st order MHD analysis

Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 110 (2024) 5, 056049

Re[w] k=0.1, vg =0.05

1 j =01 0=
Alfven sector o = + \/ vaki — nZs 2k — S+ k> e - 0l o =0n

A remedy for singular perturbation problem 0.002

Va\

l
w==xv,k——(p+Dk*+ O k%), i
AN TSP ( cos 0] )
A -0.004
fOr k < ‘ COS H ‘ ° Im[w]
2 ( 2 Vi )cos? 4
w = —ikpy—il(p;, —pyk* cos’@ + O(cos*0);
| | 7“_/(6 _|_p) _ ,0|| ~0.002
n Vi o
—ik? i(——0ny = nk? = ——)cos? 0+ Ocos*0)
e+ p e+p Py ~0.005
e+p ~0.006
for k> |lcos @], o
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1st order MHD analysis

Magneto-soni(; sector Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 110 (2024) 5, 056049
o€
OU,
(M(O) + iM(l) ) 5% = (. M(O)’ M(l) not shown
0B, for complication
oB

<

Despite being a univariate quintic equation, we provide a simple method

for the solution search that works order-by-order in k. This method serves

as a general algorithm applicable to general hydrodynamic equations.

w = vk —iwk®+ OK>), ®==xv,k—iwk*+ OK>), v, b= —\/V2 + \/V4 4vict cos® O
with V2= (¢7 +vi) — c¢visin®f
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1st order MHD analysis

Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 110 (2024) 5, 056049

1. In magneto-sonic sector, the singular perturbation problem still exists.

Our remedy also works well.

2. Based on the analytical dispersion relation up to k%, we show that

INn the rest frame all hydrodynamic modes propagate subluminally,

and ensure stability. But these are insufficient to guarantee covariant

causality and covariant stabillity.
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IS-MHD analysis

Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 112 (2025) 7, 076016

To recover causality, the most common approach is to convert the
parabolic nature of the equation into a hyperbolic form.

| X |
e.g. Jdu= DViu, u(x,t) = (GaDi" eXp (— ‘4D‘t )

with the characteristic line = C

du+0J=0, 70J+J=—Dou,

* t0°u + du = D du
D
with the characteristic line x*vi=C, v = 1 [— <1
T
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IS-MHD analysis

Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 112 (2025) 7, 076016

To recover causality, the most common approach is to convert the
parabolic nature of the equation into a hyperbolic form.

diffusioneq  du = DV?u, w = —iDk*. Oneis notenough.
telegrapheq 7 07u + ou = D d:u Two are OK.

i BT k=0 [@0=- iDk* + O(k")
(k) = +41/—k
(k) 27 +\/ T 472 » { w_(k) = — il + O(k*)

T

1 /1
Rew, (k) #0, if k> k= >\ Dr UV are propagating.
T

18



|IS-MHD analysis

Z.Fang, K. Hattori, J. Hu, Phys.Rev.D 112 (2025) 7, 076016

Introducing a relaxation time into the relation between dissipative fluxes and
thermodynamic forces, we can analogously construct the Israel-Stewart

formulation for MHD (IS-MHD).
Our finding (Alfven modes) : interplay

A\

0 = * vk ——(p + K2+ O k?),
k < k() propagating 2 |cos 0]

for k< |cos @],
k > k() Propagating k(0) < k < ki(0)  diffusive window
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Summary

1. solve the singular perturbation problem in MHD

2. analytical hydrodynamic dispersion relations up to k2,

3. Interplay between relaxation dynamics and singular

perturbation in MHD
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Outlook

1. diffusive/propagating “phase diagram” in IS-MHD

2. Interplay between relaxation dynamics and singular

perturbation / on causality and stability ?

3. a causal and stable model for RMHD
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Back Up

22



1. Magnetic moment is an adiabatic invariant

A charged particle gyrates around the magnetic field line. Its magnetic moment is defined as

2
muv,

K= B ’

where v | is the velocity perpendicular to the field and B is the magnetic field strength.

Key physical fact: when the magnetic field varies slowly in space or time (relative to the

gyroperiod), u is an adiabatic invariant:

>~ const.

2. Why does the perpendicular pressure stay unchanged?

Since u = const, we have
v7 o B.
Thus the perpendicular temperature satisfies

TJ_OCB.

If the magnetic field is uniform and static (0;B = 0 and VB = 0), then 1’| does not change. E' _

when a flux tube is compressed along the field, if its cross-sectional area remains constant,
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L.Gavassino, M. Disconzi, J. Noronha, Phys.Rev.Lett. 132 (2024) 16, 162301

B. Locality and causality

The Klein-Gordon equation (82 — 92 +m?)¢ = 0 is of second order in time, and it can be decomposed into a system
of two equations that are of first order in time:

O =11,

Ol = (02 — m?)¢. (56)

Hence, the degrees of freedom are ¥ = (¢, II)?, and the dynamics of the system has the form 6; ¥ = L£(8,)¥, with

L(ik) = [_(mg k) (1)] | (S7)

Clearly, L is a local operator, being a second-order polynomial in the derivatives. Thus, our Theorem 1 applies, and
the Klein-Gordon equation is causal. The general solution to (S6) reads

[1?1((1?)] = /_ - [—fu()ssi(nw(gt) w;;ss(iigdt)] [1?[((?)] eik’”%, (S8)

with w = vm? + k2. Despite the square root, the matrix in (S8) is entire in &, being the exponential of (S7). This is
reflected in the fact that the following functions are entire: entire

—+00
N HSORITE, Fr AR EVET nZ;; (2n)!
TCHR Eentire sinyz (S9)

+oo (_1)'nzn
VZz T;) (2n +1)!°

C. Positive-frequency solutions cannot be localized

If both degrees of freedom ¢(0,x) and II(0, z) have support inside a compact set R, then both ¢(k) and II(k) are
entire functions of £ € C [29]. On the other hand, the first component of equation (S8) can be decomposed as follows:

sit.o) = [ o [(¢(k) + H(k)>eiwt + (¢(k) - H_(k))e—iwt] eike &8 (S10)

oo w w 4

As we can see, the only way for ¢(¢,z) to be a superposition involving only the “positive-frequency waves”, e~*?, is to

impose II(k) = —iw@(k)._But this contradicts the assumption that both II(k) and ¢(k) are entire, since w = v/m?2 + k2
has two branch cuts. It follows that compactly-supported solutions are necessarily superpositions of both a positive
and a negative frequency part. This superposition results in a perfect cancellation of the superluminal tails of the two
individual parts, and this saves causality.
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Appendix A: Electric charges in MHD

In neutral plasmas, the electric field E in the fluid rest frame and the electric charge-
density fluctuation §J° are damped out in a finite time scale and are therefore not qualified

as hydrodynamic variables [92|. This can be shown in the following way. An electric field

E, induced by the charge-density fluctuation, obeys the Gauss’s law V- E = §J°/e. with
c. being a dielectric constant. (QHAFEEMANBENCHStHbNEAIAAMONMICHTeRTI =}

Plugging the Gauss’s law into the current conservation 9, J# = 0, we find

0

Thus, the charge-density fluctuation is damped out in time as

5J0(t, ) = 6J°(0, ) exp (—Zt) . (A2)

€Ce

Plugging this solution back to the Gauss’s law, we find that the electric field is also damped
out in the same time scale.




